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I INTRODUCTION
A. BACKGROUND

The detection of a known deterministic signal in additive Gaussian noise is
solved using a correlator or matched filter [45, S5, 62, 12 Part I]. For the case
of a random signal in white noise, a two stage process is utilized to first estimate
the signal and then correlate this estimate with the received waveform. This
detection scheme is referred to as the estimator-correlator [47-50, 53, 12 Part
III]. The advantage of this later approach is its practical implementation
structure; ie, the best obtainable estimate of the signal is used in the correlation
stage. As noted by Kailath [54), however, the method described in [50] fails when
the signal and noise are correlated and when signals have nonzero means. These
limitations were overcome for continuous-time processes by Kailath [53, 56]
using the innovations representation. In addition, the approach applied to non-
Gaussian desired signal processes. This detection problem is expressed as

Hi: x(t) = s(t) + w(t) (1-1a)
Ho: x(t) = w(t) (1-1b)

where Hj i=0,1 are the hypotheses for signal absent and present, respectively; s(t)
is the (not necessarily Gaussian) random signal and w(t) is Gaussian white noise.
Under Hj, the optimal MMSE causal estimate of s(t) is

St = E [s()] x(t), t" < 1] (1-2)

Using the definition of the innovations [57]; ie.

v(t) = x(t) - §(t), (1-3)

the innovations theorem for continuous-time processes (ie, the covariance of v(t)
and w(t) are identical), and the property that v(t) is Gaussian if w(t) is Gaussian
[53], Kailath transformed the detection problem of eq (1-1) to the equivalent
detection problem:




Hi: x(t) = §(t) + v(v) (1-4a)
Ho: x(t) = v(t) ~ (1-4b)

In this form of the detection problem, £(t) is viewed as a conditionally-known
signal and the likelihood ratio becomes (53]

LR =exp [ £ 8t) x(t) dt - 172 [ §2(t) dv]. (1-5)

This likelihood ratio has the same form as the estimator-correlator for the
Gaussian signal in the white, Gaussian noise case except that the first integral in
eq(1-5) is an Ito integral. Eq(1-5) is significant because it shows the structure of
the non-Gaussian detection problem. In addition, although eq(1-5) was derived in
[53] assuming s(t) and w(t) as statistically independent, this restriction was later
{56,58] relaxed to "future w(.) independent of past s(-)"; ie. the signal could be
correlated with past noise. It is interesting to note that the innovations approach
does not use a Karhunen-Loeve exparnsion which requires s(t) and w(t) to be
statistically independent. This later generalization indicates that the innovations
approach may offer a robustness in detection problems involving feedback,
multipath, etc.

Unlike the continuous-time case, discrete innovations processes do not
retain the property of Gaussianity unless both w(t) and s(t) are Gaussian. In
addition, the covariance of the innovations is not equivalent to that of the white
noise [53,57]). Thus, the likelihood ratio for the discrete case does not have an
estimator correlator structure to provide a test statistic. For this case, a
likelihood ratio using discrete-time innovations processes was developed [4, 6].
In [4), it is shown that for non-Gaussian processes, this likelihood ratio, called the
Innovations-Based Detection Algorithm (IBDA), is a close approximation to the
likelihood ratio for this detection problem. Furthermore, the structure of the
likelihood ratio is obtained by assuming a specific parametric model of the
observation processes for each hypothesis and designing a prediction error
filtering stage for each. Adaptive algorithms are then used to estimate the
unknown model parameters. Since the order of the model under Hj is greater




than that under Hg (and with possibly distinct coefficients) the error output from
the filter designed for Ho given that H; is true will be greater than the error
output from the filter designed for Hy. These error differences are used in the
likelihood ratio to raise or lower its value relative to the threshold level. In [59],
it is shown that this likelihood ratio is a generalization of several important
special cases. These include (1) the detection of a deterministic signal in additive
white Gaussian noise, (2) the detection of a non-white Gaussian signal process in
additive white Gaussian noise, (3) the moving target detection (MTD) algorithm
for the detection of a deterministic signal in non-white Gaussian noise [60, 61]
and (4) the detection of a non-white Gaussian signal process in additive non-white
Gaussian noise [62]. It is also shown [59] that the IBDA contains the algorithm
developed [63] for the detection of a deterministic signal in additive non-white
Gaussian noise of unknown correlation statistics. An experimental investigation
using two implementations of the IBDA was conducted in [8] for an airport
surveillance radar application and performance comparisons made with three
MTD algorithms.

Several early analyses involving model-based parametric detection
approaches are presented in [40, 44, 62, 64] with special notice given to [S1].
Most of the interest, however, appears to have taken place within the past few
years [4, 6, 8, 14, 21, 23, 41, 43, 45, 63]. The principal advantage of
characterizing the observation processes for each hypothesis via a parametric
model is that well known algorithms can be utilized to estimate the parameters.
In [45], a likelihood ratio test was considered for two known autoregressive (AR)
models. In [41], a more general formulation considers AR and autoregressive-
moving average (ARMA) models to detect a Gaussian signal in white Gaussian
noise, both with unknown statistics. Thus, the IBDA [4, 6] mentioned above
considers the more general problem of detection on a non-Gaussian signal in non-
white plus white noise. As noted in [16], however, different modeling approaches
will generally yield differences in receiver performance. In addition, the
problem of modeling observation processes in this detection scheme is more
difficult than model-fitting a time series process. This is due to the fact that in
the detection problem, one set of observation data is given and the problem is to
determine which of the two filters is estimating the parameters properly. In [14,
16], Zhang investigated the detection performance improvement over the IBDA
[6] in a radar application, when 'a priori' information was used to predetermine
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the process parameters; specifically, a reference channel which provided data
from range cells adjacent to the "test cell" was used to determine the filter
coefficients under Hg. A significant detection performance improvement over
the IBDA was reported. It thus appears that performance improvements can be
made in the model-based detection schemes through investigations of alternative
algorithms and implementation schemes for the detection problem with unknown
statistics.

In the development of the model-based detection approaches, the emphasis
is placed on characterizing the observation data received under each hypothesis
with approximate models. If the models fail to fit the physical processes,
performance degradations will result. Model fitting of observation data via time
series analysis has received considerable attention [19, 65, 66, 67, 68, 69, 71, 72].
The emphasis in the analysis proposed here will be the development of
multichannel model-based detection approaches. Multichannel time series
analyses have also been investigated [28, 35, 66 Part 11, 67, 69, 71, 72] with
emphasis in the areas of geophysics, biophysics and economics. Furthermore,
multichannel algorithms for parameter estimation have received some attention
(3, 9, 24, 25, 31, 70, 73]). The prime consideration for this analysis will be the
investigation of the votential for improved detection performance of multichannel
model-based detection. Thus, the applicability of multichannel time series models
and the performance of multichannel parameter estimation algorithms to the
detection problem proposed here is essential.




B. RESEARCH OBJECTIVE

The proposed investigation will consider the binary multichannel detection
problem for an unknown random signal vector in additive non-white interference
plus white Gaussian noise. The observation processes will be assumed to have an
arbitrary correlation in time and space (ie, across the channels). Initially,
Gaussian random processes will be considered, but a generalization to non-
Gaussian processes will be developed.

The principal research objective is the investigation of multichannel model
based detection methods utilizing estimation to determine their performance
relative to the single channel case. In this approach to the detection problem, it is
assumed that the underlying physical mechanisms which give rise to the observed
random processes obtained under each hypothesis can be represented by a
mathematical model which approximates its statistical characteristics. We
therefore make a distinction between the model of the process (i.e., synthesis) and
the estimation process (analysis). Specifically, we will give prime consideration
to multichannel autoregressive processes [9, 24, 25, 28-31] as the process model
description in the proposed investigation. The consideration of the multichannel
approach is based on the contention that the coefficients of the AR processes are
distinct for each of the two hypotheses (i.e., signal present or absent). The
approach used in the model based detection method is the selection between the
hypothesis based upon measures which are sensitive to the differences in the
process coefficients for each hypothesis. Therefore, a likelihood ratio is sought
which is sensitive to differences between the parameters of the processes. In this
context, we view the multichannel processes arising from physical mechanisms
such as those which may yield additional (although partially correlated)
information about the processes. From-the model based approach, this new
information can be utilized to provide a better distinction between the process
parameters under each hypothesis. The extraction of this new information is
achieved in the processing of the observation data to remove the redundant (i.e.
correlated) information. This is achieved via estimation methods which "whiten"
the data in time and space (i.e., channels). These uncorrelated processes contain
all the useful information about the processes in a compact form and are utilized
to determine a sufficient statistic for the hypothesis determination; i.c., a
likelihood ratio can be developed in terms of these transformed processes since




they are obtained via a causal and causally invertible transformation of the
original observation data. As shown in sections IV and V, these processes enable
one to efficiently perform a calculation of the likelihood ratio. Furthermore, the
likelihood ratio considered here has an implementation framework amenable to
adaptive processing methods.

Examples of application areas can be found in radar technology,
biomedical applications, geophysical research, image processing, data
compression, speech analysis and channel equalization. In the radar application,
we may consider the processing of multi-sensor pre-detection data or dual-
polarization data as the multichanne: processes. A significant contribution of the
detection algorithm considered here is the capability to utilize signal processing
procedures to deal with partially correlated observation data. For the active
radar case, we view the multichannel observation data as processes which arise
through a simultaneous excitation of the surveillance volume with a multiplicity
of waveforms. The approach here is to characterize these processes with a
mathematical model (such as a multichannel AR description) and to implement a
likelihood ratio whose magnitude is sensitive to the difference between the model
parameters under each hypothesis. For passive detection applications, we view
the processes as arising from internal physical mechanisms which give rise to the
emission of radiation which may, in general, contain partial correlation when
observed over specific bands. In biomedical applications, we might consider the
processing of EEG waves where we may seek to detect a weak brain potential
among other strong brain signals. For the purpose of validating the theoretical
results developed here, at a later time, consideration will be given to the
detection problem utilizing the data collected from three co-located radar
systems simultaneously operating at three distinct frequencies. The resulting
observation data will, however, be treated as partially correlated across the three
channels. Performance evaluations will be determined in terms of receiver
operating characteristics. Both analytic as well as Monte Carlo approaches will
be utilized in the analysis.

A likelihood ratio for this detection problem with stationary, Gaussian
signal and interference processes has been developed in section V. In section VI,
implementation architectures for the likelihood ratio are briefly presented.
Section VII outlines the future investigation. At a later time, we shall address the
use of adaptive methods to consider the detection problem when the statistical
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processes are unknown and time varying. The adaptive procedure .is also
approached by postulating an underlying parameiric model for the observation
processes. This approach enables the use of various adaptive algorithms to
estimate the model coefficients and thus utilize these estimates to update the filter
coefficients. The adaptive procedures are utilized to retain a robustness in non-
stationary processes.




II. THE DETECTION PROBLEM,

In the multichannel simple binary detecuon problem the dxscrete r@@wed

baseband waveforms are

H: zMm=sm@+cm+w @ ~n=12..N
Ho: x(mM=¢cm+w@m - n=12..N S @1

where X (n) is a zero mean, stationary Jx1 received observation vector consisting
of J channels and § (n), ¢ (n) and w (n) are zero mean, complex Gaussian random
Jx1 vector processes describing the signals, non-white noise and white noise,
respectively. We will assume that the white noise process is uncorrelated with
s(n) and ¢ (n) and is furthermore uncorrelated with itself in time, but not across
channels, so that

(0 #
E [ (m) wH (0] = {R w]w(o) i 2-2)

where R, (0) is the JxJ correlation matrix of w(n). The vector processes s(n)

and ¢(n), however, contain an arbitrary correlation in time and between channels.
We will consider the condition where §(n), ¢(n) and w(n) are jointly wide-sense
stationary processes. The correlation matrix for the observation data expressed
in index ordered form [1] is

Ry x = E[x1 nX1 N] (2-3)
where

AN =ETM) 5T @).5T (V)] (2-43)

&) = (x1(k) x2 ()...x5(K)). (2-4b)

Under the condition of stationarity, Rx is a Hermitian, positive semi-definite
matrix. Furthermore, this matrix can be written in block form as




Under the condition of stationarity, Rx is a Hermitian, positive semi-definite
matrix. Furthermore, this matrix can be written in block form as '

R0 Rll).Ro(N+D) | [RE,0) RE (1) R (N-1)

R = | RedD) RO Re(N42) | = | K1) R (0). R5(N-2)

.{:
2

o

| Rex(N-1) Ry (N-2)...Ryx(0) | | | Rox(N-1) Ri(N+2).. R (0).
(2-5)

where

2,...,N

Rx(O=Ex k) xH (k-)] k=1,
| =0, £1,..%(N-1) (2-6)

and the last expression in eq (2-5) results because Rxx(l) = RHyxx (-I). It is noted,
however, that each block matrix of Rxx is not Hermitian; i.e., Rxx (1) # RHxx (1)
for 1#0. We also note that Rxx is block Toeplitz. The superscript B denotes that

Ry is written in block form where each block as defined in eq (2-6) is a Jx)
correlation matrix over the J channels.




III.  AUTOREGRESSIVE PROCESS MODELS

A. DEFINITION OF THE AR PROCESS

In this analysis, the multichannel observation processes obtained under
hypotheses H; with i = 0, 1 are assumed to be generated by multichannel
autoregressive processes. For the single channel case, analyses have been
conducted [26,27] which indicate the appropriateness of such models for radar
applications. For the multichannel case, similar investigations remain as a

potential area for future research.
The multichannel Jx1 vector process (niHj) with i =0, 1 is expressed as

M
x(nlH;) = - 2 A}r\{ai(lei);(n-k) + u(nlH;) i=0,1 (3-1
k=1

H
where AM;(kIH;) is the kth JxJ matrix coefficient for an AR process of model

order Mj. We note that it is expressed in terms of the Hermitian operation for
notational convenience, but is not treated here as a Hermitian matrix. The vector
u(n) is a Jx1 white noise driving vector which, in general, has an arbitrary
correlation across the J channels so that

[0] 120

E [u () un-) = {

R, 0) 1=0. (3-2)
Ruu (0) is a JxJ covariance matrix of the vector process u(n) and may have off-
diagonal components. Since y (n) is uncorrelated in time, but retains an arbitrary
correlation across channels, then with wide-sense joint stationarity of the channel
processes assumed, we can consider

u (n) = Cy (n) (3-3)
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where the J x J matrix C is a constant matrix. This matrix gives rise to the
channel correlation on y (n). The vector y (n) is a Gaussian white noise vector
uncorrelated in time and across channels such that

0] 120

Elv(@)y"(-)]= {

D, 1=0. I ¢ ¥

The elements of the diagonal matrix Dy are the variance terms associated with the
white noise driving term on each channel. And so, from eq (3-3) we can obtain
the zero-lag correlation matrix (assuming wide-sense stationarity)

Ryu (0) = E [u (n) u H(n)] (3-5a)

=E [ Cy (n) y H(n) CH] (3-5b)
= CDCH, (3-5¢)
We could assume unit variance on all elements of Dy without loss of generality so
that Dy = I and eq(3-5c¢) implies the Cholesky decomposition. The significance
of this discussion is that the correlation matrix Ryy(0) is a constant matrix

associated with the white noise driving term y (n). The correlation between the
channel elements of 4 (n) gives rise to the off-diagonal terms in Ryy(0). It will be
shown that this correlation causes the error output vector g(n) resulting from a
MMSE estimation process to retain some residual correlation across the J
channels. Since Ryy (0) expressed in eq (3-5) is Hermitiant, positive semi-
definite, we can perform an LDLH decomposition® such that

Ruu(0) = LuDuLuH (3-6)
where Ly is unit diagonal lower triangular. Solving for Dy, we obtain
Dy= Lu'lRuu ) (Lu°1)H

=E [Ly-!y (n) uH (n) (Ly-1)H]

t It is noted that in general the correlation matrix Ry, (1) is not Hermitian for 0.
*The motivation for using the LDLH decomposition is noted at the end of section IV.
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=E [z (0) zH (n)] (3-7¢)
where
Z(n) =Lyly (n) (3-8)

so that z (n) is a J x 1 vector containing uncorrelated elements. It represents an
underlying process of the multichannel AR process which can be viewed as a
"spatially-causal" white noise driving term. Since Ly-! is also lower triangular
unit diagonal, it is invertible so that from eq (3-8)

u ) ="Lyz (). (3-9)

Eq (3-9) indicates that y (n) , originally defined in eq (3-3) , could identically be
generated by the z (n) process through the transformation matrix Ly; i.e.,eq (3-1)

can be written in the equivalent form
Mj

H
x(nH;) = - 3, AM;(kIHpx(n-k) + Ly(Hz(nlH))  i=0,1 (3-10)
k=1

where Ly (H;) denotes the specific matrix Ly, under hypothesis H;. In section IV a
two stage multichannel prediction error filter is considered which uses estimates

H
of the AM;(k|H;) coefficients to obtain an approximation of y (n) in the first stage

and an estimate of L1 to obtain an approximation of the temporally and spatially
uncorrelated process z (n|Hj).

B. THE YULE-WALKER EQUATION i
The relationship between the matrix coefficients Apg(k), the covarince

matrix [Zf)yq of the forward AR driving noise vector and the known correlation
matrix Rxx noted in eq (2-3) can be expressed [1] as

AM(Ryx] = {(ZfIp1 [0] .0} (3-11)

where

12




Al -1 AB) AR@) ... Ay 312

The matrix [ Rxx] is the reversed order correlation matrix of [Rxx]; i.c., the o
correlation matrix obtained with the time order of the vector X n from eq -4 -~ T

reversed. The corresponding equations for the stationary, backward AR process
is expressed as

BEY Ry = {(01..0] (ol G

where H H H
Bm = [BM(M)...Bpm(1) I] (3-14)

and [Zplp is the covariance matrix of the backward AR driving noise vector.

Eqs(3-11) and (3-13) are the augmented forms of the multichannel Yule-Walker
equations and are presented in more detail in [38].
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The output of a muitichannel lincar prediction error filter of order P is.

expressed as " : =
E(n) = x(n) - &(tl:ln-l) | 4-1a)
“5(0) + 3 AP &0k i@y
P H
= ZOAp(k) A(n-k) (4-1c)
k= : |

where Ag(k) k=1,2,...,P are the matrix coefficients of the linear predictor,

A?(O) = | the JxJ identity matrix, the subscript P distinguishes the matrix

coefficients as belonging to a filter of order P, and H denotes the Hermitian
operation (i.e., the complex conjugate transpose operation).

In Appendix A, it is shown that under the condition that the matrix
coefficients in eq (4-1) satisfy the multichannel normal equations,

E (€ (n) ¢ H (n-k)] = [0] k>0 | (4-2)
and the output vector process g(n) is a MMSE process. Eq (4-2) is the
orthogonality principal and indicates that the sequential outputs of the MMSE
filter are orthogonal in time. The multichannel normal equations which are to be
satisfied to maintain this condition are expressed as

AP Ry = {[Z7Ip (0] .. (0]} 4-3a)
where u H H H

Ap = (I Ap(l) Ap (2) Ap (P)) (4-3b)

Ryx] = E(X; N X181 = ElXN,1 ég,l] (4-3¢)
and

[Z¢]p = E[e(n)gH(n)] = Reg(0). (4-3d)
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[Ru] is the reversed order known correlation matrix of eq (2-3); i.e., the

correlation matrix expressed with the time order of the vector in eq (2-4)
reversed. We also note that eqs (4-3a) and (3-11) are identical in form. This
equality implies that the MMSE ecstimate of the AR observation process is
obtained when the prediction error filter coefficients are identically equal to the
AR process coefficients. Figure 4-1 shows the synthesis and analysis procedure.

u(n) + X (n) = X(n1) =X (n:2) ——x(n-P)
)Y 2 1 z'1 - 1271
271
AR(1) AR (2) ARP)
+ Al (1) €% (n-1)
~ e ullle aliie o
z'1
?<— an@)f<y "2
2z
v v
SYNTHESIS ANALYSIS

Figure 4-1




With x(n) and u(n) initially considered as non-random'* Pmmm' furthcr

insight can be obtained by considering the z-transform of

M

xn) = -kzl Algq(k)x(n-k) + u(n) et wmin e ~—“*‘(4-4) “
so that
M 4 K ’ - '
X(2)= -kzl AmKk) X(2)z™ + U(2). | ' ' 4-5)
Bringing the summation to the LHS, we can write
M H K
Y AMK)Z™ | X(2) = U(2) (4-6)
k=0

where Aa(O) =1. We now define a filter representation for the model process as

M -1
Hn(2) =[ ZOA}JI(R)Z'I‘] 4-7)
so that
X(2) = Hw(z) U(2). (4-8)

Eq (4-8) indicates that X (z) is the output of the filter Hy (z) with input U (z).
Similarly, the z-transform of eq (4-1b) where x (n) and g (n) are considered non-
random is expressed as

P H
E@) =[ y Ap(k)z-k] X(2) (4-9a)
k=0

;evge ei:;itially consider non-random processes since the z-transform of a random process is not
ined.
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=Hr () X () @

where - ' L T L
P .
Hez)=| Y Apk)zk | @10)
and B
AP(O) =1, @1 o]
When P2M, corgider the case
Apm(k) k<M
A}f:{ mlk) ks (4-12)
[0] k>M.
We then have |
HF (2) = Hy(2). (4-13)

At this point, we can now consider the input and outputs of these filters to be
random. Using eqs (4-8) and (4-13) in eq (4-9b)

E @ =Hu@ HM @) U @) = U 2) (4-14)

In the time domain, eq (4-14) is equivalent to
£(m)=u (n), (4-15)

And so, under the condition that the prediction error coefficients are
identical to the coefficients of the AR model process and under the assumption
that the AR process is the gxact model of the observed process, the prediction
error filter output g (n) is a white noise vector equivalent to the AR model white
noise driving vector. However, it must be emphasized that the use of an AR
process with a white noise driving function is usually an approximate
representation; i.e.,it is not used to describe the underlying physical mechanisms
which give rise to the random processes. Rather, it is a representation which has
a system transfer function given by eq (4-7). We must therefore make a
distinction between the model of the processes (synthesis) and the estimation
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process (analysis)[1]. In general, the output £ (n) of the linear predictor is not a
white noise vector output due to the approximate representation of physical
processes by an AR model. It is also due to the fact that we often do not have ‘a
priori' knowledge regarding the values of the coefficients of this approximate
model. As a result, we must estimate these coefficients from the observation data
as we obtain it. With a limited amount of data, the filter coefficients are only
estimates of the AR process coefficients.

For stationary processes, these coefficients could be determined through . 3
estimates of the multichannel correlation matrix lag values and the Levinson- -
Wiggins-Robinson algorithm [3]. Although, other methods proposed by Strand-
Nuttall and Morf-Vieira have been developed [24,25,30,31] with improved
performance with limited data. For non-stationary processes, adaptive schemes
must be considered. We will address this topic in a subsequent report.

At this point, we note that eq (4-15) resulted from the analysis
procedure[via a linear prediction error filter with coefficients given by eq(4-12)}
of the process synthesized by eq (4-4). If 4 (n) is assumed to be uncorrelated
across channels, the resulting £ (n) is also uncorrelated in time and space (i.e.,
channels). In general, as noted in the previous section, 4 (n) may possess
arbitrary correlation between the J channel elements. Therefore, the vector £ (n)
will retain a residual correlation over the channels due to the spatial correlation
of u (n).

S)incc the matrix Reg(0) = E [ (n) €H (n)] is Hermitiant , and positive semi-
definite, we can perform an LDLH decomposition® such that

Ree (0) = Ly Dy L. (4-16)

Solving for Dy
Dy=Ly! Ree(O)(Ly D)H (4-17a)
=Ly 1E [g(n) gH(n)] (Ly DH (4-17b)

t It is noted that in general the correlation matrix Reg (1) is not Hermitian for k0.
* Other decompositions could have been used such as Cholesky or unitary({51), however, the motivation for the
LDLH decomposition is noted at the end of this section.
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=E [Ly 'g(n) gH(n)(Ly 1)H] 4170

<E [y (n) ¥(n)] | @-17d)

where

Y@ = Lylg () @1y
so that the vector y (n) contains uncorrelated elements. Also,
E[e(n) g (n)] =(0] n#n'. (4-19)

Then, using eq (4-18) to solve for g(n) and substituting this result in (4-19), we
obtain

E[Lyy(m)#H()LH]=[0] n=n (4-20)
so that

LYyEly(m#H (n)) LyH=[0] n=n. (4-21)
Finally,

E [y(m) ¥ (n")) = [0] n#n. (4-22)

Eq (4-22) implies that y (n) retains its temporal decorrelation while eq(4-17d)
denotes its spatli_lal decorrelation. When
H {AM(k) k<M
Ap =

[0] k>M
the output of the first filter stage converges toward u(n), so that eq (4-18)
becomes (noting that Ree (0) = Ryy (0) and the uniqueness of the LDLH

decomposition)

(4-23)

¥ () =Lg-lg(n) =Lyl (n) (4-24a)
= Ly-1Ly z(n) (4-24b)
= Z (n) (4-24¢)

where eq (3-9) was used to obtain eq (4-24b). Thus, as the filter coefficients
converge to the coefficients of the AR process, ¥ (n) approximates the spatially
and temporally wilitened process z(n). In addition, y(n) has been obtained through
a causal and causally invertible transformation of the original observation process
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X (n); ie. the input vector X (n) could be recovered through an inverse filter
operation on ¥ (n). This "information preserving" feature of 7y (n) justifies its use

in a likelihood ratio test.

A procedure that could be used to obtain the estimate ﬁ\rl consists of
estimating the correlation lag values of Reg(0) using time samples of g (n). An
LU decomposition of this matrix would provide Ly. The inverse matrix Lyl

would then be the required estimate f.u'l. An alternate approach based on a
Gram-Schmidt procedure will be investigated using correlation lag estimates of
Ree(0). The motivation for considering the LDLH decomposition is based on the
anticipation of utilizing a single stage recursive procedure to obtain the filter
coefficients required to estimate y(n) {see section VI and [36]}.
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V. MULTICHANNEL LIKELIHOOD RATIO

A. DERIVATION —
In this section, we develop a multichannel likelihood ratio for the detection

problem of eq.(2-1);ie.

Hj: x(n) = §(n) + ¢(n) + w(n) n=12.,N (5-1a)
Hp: X(n) = ¢(n) + w(n) n=12.,N , (5-1b)
where each of the complex vectors are Gaussian, J x 1 vectors and x(n) is a
baseband observation vector. The methodology derived here stems from the
considerations presented in [S1] for real processes. Under hypothesis Hj, the

multivariate joint Gaussian density can be written as the product of conditional
densities so that

N
Px(X1,aHj = plx(D)H)] H2P[K(ﬂ)lé Lo-pHil  i=0,1 (5-2)
Nn=
where .
3 0= &) 572 2T(@)] (5-3)
xT(k) = [x1(K) xa(k)...x;(k)] (5-4)
and
X1,1 =X(1) (5-5)

and all the conditional densities are Gaussian. The mean of the multivariate
conditional density p{x(n)| Ll,n-l:Hi] is A(n|n-1,H;); ie. the linear MMSE predictor
of x(n) using past data X, , , and assuming Hj is true. The JxJ covariance maisix

of this density function is the conditional covariance matrix Ky (n|n-1,Hj) such

that
Ky(nln-1,Hj) = E{[x(n) - A(nln-1,H;)][x(n) - £(nin-1,H})}"} (5-6a)
= E[g(n|H;)(eH(n|H;)] n=12..,N
i=0,1 (5-6b)
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where
g(nlH;) = x(n) - &(nin-1,H;) i=0,1 (5-7)

is the zero-mean MMSE vector. Assuming wide-sense joint stationarity on the

bandpass processes , the conditional density functions can be expressed in terms

of the quadratic form* such that
pLEMIK ) ¢ Hl =

1 .

@YK, (nin-1LH)I

xp{{x(n) - S(nlﬂ-l,Hi)][Kx(nln-l,Hi)]'llx(n) - &(nin-1,H)H)

i=01. (5-8)

Using eq(5-7) in (5-8), we obtain
pLx(mix; . . Hil =

= (R)Jle(im_l,Hi)l exp(- eH(nIH)[K , (nin-1,H,)]  g(nlH;)) i=0,1 (5-9)
where

pix(DIH;] = ple(1)IH;) =

- Jlei“O,Hi)l exp(- eH(UHY(K, (1H)] e (1Hy)) i=01  (5-10)
and

&(110H) =0 i=0,1. (5-11)

We can now express the likelihood ratio for the multivariate joint Gaussian

density functions as

* The condition of wide-sense stationarity provides specific relationships between the auto- and cross-correlation
functions of the in-phase and quadratuse components. These relationships enable the multivariate Gaussian density
function to be expressed directly in terms of the complex random vectors as given by eq(5-8).
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Px(ll,N'Hl)

AHI.HO = p)'(Ll’NlHO) (5'123)
N
(plx(MH;] TT plx(n)ix; n-1.H1D)
=— n=2 (5-12b)

N
(plx(Hp] [T plx(n)lx; n-1.Ho))
n=2

where the last equality results from eq(5-2). Substituting eqs(5-9) and (5-10) into

(5-12b) and taking the natural logarithm, we have
N

[1 Ky(min-1,Hol exp(~ H(nlH (K, (nin-1,H1)} g (nlH )
lnAHl‘H(): In n&

[T /K (nln- LHy ) exp - H(niHg)[K ((nin-1.Hg)) 'e(nlHg))
n=

(5-13a)
N [ IKy(nIn-1,Hp)! 1
=Y lnIKx(nIn-l Hl)|-|~g“l(anO)[Kx(nln-l,I-l())] £ (niHg)
n=1 ’

- eH(IH (K y(nin-1,Hp)) ety |

(5-13b)
Eq (5-13b) can be simpified further by a diagonalization of the conditional
covariance matrices. Since these matrices are Hermitian, we can perform their
LDLH decomposition such that

Kx(nin-1,H;) = L(nlHj) Dy(niH;) l.?(nIHi) i=0,1 (5-14)

where the matrix DY("lHi) i=0,1 is a diagonal matrix with elements djTi(nIHi). In
the discussion below, we note that K, (nIn-1,H;) is a deterministic quantity[59].

We therefore consider this matrix as well as those on the RHS of eq(5-14) as non-
random. Solving for D.Y(nIHi), we have from eqs(5-14) and (5-6b)
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- H
Dy(nlH;) = L.Yl(ani)Kx(nln-l,Hi)[LY(nIHi)]'l i=0,
-1 -1
= L, (nlHj) E[g(n/HE(nlH)] [L. (o))"

- E{L;‘(nlﬂo e@IHEH(IH) (L., (alHyIH }

= E[yn/H; )y (n|H;)] i=0,

where

Yy = L (iH)e(nlHy) i=0,1.

(5-15a)

(5-15b)

(5-15¢)

(5-15d)

(5-16)

Eq(5-15d) implies that y(n|H;) contains uncorrelated elements across the channels.

From the orthogonality condition, we have
Elg(n|HeHn'H;) = (0] n#n’  i=0,l.
Solving for g(n[H;) in eq(5-16), eq(5-17) becomes
] "1 t
E{Ly(nlHj) XnlHj)y" (nH;) [Ly (aH;))"} = (0]

n#n  i=0,1
so that

LytolHy) ElyiH) ¥ aHy) (L a{Hp)* = [0)

nén i=01.
Since the matrices L(n|H;) are, in general non-zero, it follows that

Ely(n/H; ¥ (n'H;)] = (0] nén  i=0,1.
In summary,

EfynHpynH)) = {
From eq(5-14), we now have

-1 H el -1 .
K} (nin-1Hj) = (Lo (nlH))] 1DY (nlHLy (nlH) =01

Dy(nlH;) n=n'

' 1= 91-
(0] nn 1=0

(5-17)

(5-18a)

(5-18b)

(5-19)

(5-20)

(5-21)



and

\ iy H :
IKx(nin-1,Hj}| = [LA(nHp){IDy(nHp|IL.. (nlH})} i=0,1 (5-22a)
|Dy<n|H,)| (5-22b)
= 1‘[ d} (nlH)) = I‘[o (nH;) i=0,1 (5-22c)
J=1 i=
where
ILy(n[Hj)| = 1 i=0, (5-23)
and
‘ 2 :
dY(nlHy) = E[v(niHI?) = o), (nlHp i =0,1. (5-24)

The quantity Gij(ani) denotes the variance of yj(nIHi). Using eq(5-21), the

quadratic terms in eq.(5-13b) become

gH(nH))[Kx(nln-1,Hp)] ' g(nlHy) =
H - -1 .
=EH(HIHi)[LY(nIHi)]'lDyl(ani)LY (nH)e(nH;) i=0,1  (5-25a)

-1 -1 -1 :
= (Ly (g™ DY (alH) (L (HpemH)]  i=0,1  (5-25b)

=yH(n|Hi)D'1(n|Hi)x(n|Hi) i=0,1 (5-25¢)
H
-1 'M'_ i=01 (5-254)
J=1 O’ (nIHl)

where the last two equations result from eqs(5-16) and (5-24), respectively.
Using eqs(5-22¢) and (5-25d) in eq(5-13b), we obtain
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2
J N | o:(mHgy) . 2 .. 2
j lYj(n[Hp)I”  |yj(nlH )
lnAHl’H():.z 2 In 2 + -

> > (5-21)
j=1 n=1 oj (nHj) S; (n|Hg) S; (niHy)

Eq(5-21) is the multichannel likelihcod ratio for wide-sense, joint
stationary, Gaussian processes. It represents a generalization of the single channel
likelihood ratio reported in [6,7,23,39] for Gaussian processes. In section IV, we
discussed a two stage filtering method using multichannel linear prediction
filtering to obtain y(n|H;). For a known correlation function under each of the
two hypotheses, two sets of filter coefficients and error variances can be obtained
exactly, through the multichannel Yule-Walker equations. In this case, y(n|H;)
will be a MMSE output of the filter for which the hypothesis H; is true. The other

filter output, however, will increase in terms of its average output magnitude.
Eq(5-21) indicates that when Hy is true, the last term will contribute a larger

value in a negative sense, causing the likelihood ratio to decrease. Alternatively,
when Hj is true, the second term increases in a positive sense so that the
likelihood ratio increases. For the unknown correlation case, the filter
coefficients and error variances must be estimated. In this case, eq(5-21) becomes
a generalized likelihood ratio and is therefore suboptimal. From one set of
observation data, we must estimate the parameters (ie. the filter coefficients and
error variances) for each filter assuming the appropriate hypothesis is true. In the
practical implementation for this case, we must assume that the MMSE filters
under each hypothesis have distinct orders so that the likelihood ratio will, in
general, have a value other than zero. This assumption is justified, for example,

when characterizing the observation data as autoregressive processes where the
order of the process under hypothesis Hj(signal present) is larger than that under

Hq (signal absent). For single channel processes, these considerations have been
treated in [6,8].
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B. THE SPECIAL CASE OF INCOHERENT INTEGRATION

In [59], several limiting forms of the single channel likelihood ratio are
discussed. They include (1) the detection of a deterministic signal in additive
white Gaussian noise, (2) the detection of a non-white Gaussian signal process in
additive white Gaussian noise, (3) the moving target detection (MTD) algorithm
for the detection of a deterministic signal in non-white Gaussian noise [60, 61])
and (4) the detection of a non-white Gaussian signal process in additive non-white
Gaussian noise [62]. It is also shown [59] that this likelihood ratio contains the
algorithm developed [63] for the detection of a deterministic signal in additive
non-white Gaussian noise of unknown correlation statistics.

One limiting form of this likelihood ratic which has not been noted is the
case of uncorrelated signal processes in additive white noise. In this case, the
signal is a white noise process. Since past values of such a process are
uncorrelated with present and future values, the coefficients for the MMSE
estimation are zeroes in the single channel case. Thus, the error signals in this
case are identical to the observation processes. For J=1 and known variance
terms, we have

2(Hg) = o, (5-22a)

and

62(H)) = o§ ‘ol (5-22b)

2 2 : : : : ,
where 6 and G, are the known variances associated with the signal and white

noise, respectively. Absorbing the constant term into the threshold, eq(5-21)
becomes

N 2 2
]xgnn |xgn2|
lnAHl’HO = ngl 02 - 02 . 02 (5-233)
- w S w
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cw(csS + ow) n=1

Eq(5-23b) is the likelihood ratio for complex, uncorrelated signal
processes in additive white noise. Its form is noted in [12,Part 1,Chap. 2] for the
case of real processes. EqQ(5-23b) is also informative from another point of view.
We recognize that it has the form cf an incoherent integrator. In section VI, we
discuss the implementation of eq(5-21) with a dual filter strategy, where each
filter is designed for the hypothesis H; i=0.1. Eq(5-23b) indicates that if the
coefficients of these filters are set to zero, the likelihood implementation becomes
a simple incoherent integrator. More importantly, this consideration reveals the
useful role of the filtering process; ie., when the filters are used as prediction
error filters, they provide the means to obtain coherent integration. This
integration gain is achieved when the signal process contains pulse-to-pulse
amplitude and phase correlation. The detection performance for various signal
correlation levels will be described in forthcoming reports.




VI. LIKELIHOOD RATIO IMPLEMENTATION SCHEME

A. SYSTEM ARCHITECTURE

A block diagram of a system that approximates the likelihood ratio of eq
(5-22) is shown in Fig 6-1. It is recognized as the multichannel extension of the
implementations reported in [8,23]. The specific choice of the prediction error
filter structure will depend on the assumed underlying model of the observation
process [14]. A forward prediction error filter using a tapped delay line
architecture is shown in Figs. 6-2 and 6-3. The lattice structure which utilizes
both forward and backward coefficients is shown in Figs. 6-4 and 6-5.

We note that the architecture in Fig 6-1 utilizes two prediction error filters
(PEF) implemented in parallel with each designed to be an optimal estimator
under the given hypothesis. As noted in section V.A, a linear filter of a higher
order may be used on the filter selected under Hy as compared to that for Ho if
the underlying process is assumed to be an AR process of a higher order with the
signal present [8,23]. Under this condition, when hypothesis Hg is true (i.e., no
signal present), both filters provide a MMSE output when the optimum filter
coefficients are determined. When Hj is true, the filter designed for Hj adjusts to
the new process. However, the filter for Hg produces a much larger error output
since this lower order filter now operates on a higher order AR process and
therefore cannot adapt to the underlying process coefficients. As a result, the
second summation in eq (5-22) increases. Since this term provides a positive
contribution to the likelihood ratio, it is the mechanism which raises the
likelihood above a predetermined threshold under Hj.

B. FILTER COEFFICIENT DETERMINATION

The determination of the filter coefficients can be realized via several
approaches. For stationary processes, the most straight forward would be a

solution of the Alg(k) coefficients via the Levinson-Wiggins-Robinson (LWR)

method; howevei, the Strand-Nuttall and the Vieira-Morf methods may also be
considered (24,25,29,30,31]. For the LWR method, estimates of the correlation
lag values as well as the prediction error variances are obtained by recursive
update. Since this method utilizes correlation lag value estimates, it is anticipated

29




to yield less accurate estimates of the coefficients than the Strand-Nuttall or
Vieira-Morf approaches for the same reasons as noted by Burg [35] in the single
channel case; ie, the unbiased estimate of the correlation matrix may not be
positive semi-definite and therefore physically unrealizable. On the other hand,
the biased estimate may yield inaccurate estimates, especially for limited data.
The Strand-Nuttali method (the multichannel generalization of the Burg
algorithm), however, estimates the filter coefficients directly from the data thus
bypassing the requirement to estimate the correlation matrix. Actually, the
reflection coefficients for the single chanaiel or multi-channel cases are
determined by this algorithm and applied to the lattice filter structures shown in
Figures (6-4) and (6-5), respectively. From these values, autoregressive
coefficient matrices AH(k) [as well as the backward coefficients] can be
determined.

The additional matrix coefficient Ly~ discussed in section IV must also be
determined in order to use the simplified form of eq(5-21). This coefficient
completes the spatial whitening of the £ (n) process via eq(4-18). As noted in
section IV, the elements of this matrix could be obtained by performing estimates
of the correlation matrix Ree(0) = E [g (n) gH (n)] using the output £ (n) from the

first stage of processing. An LU decomposition of this matrix would yield the
lower triangular unit diagonal Ly matrix which is an estimate of L. In [36], a
recursive procedure is being considered which computes the filter coefficients for
the structure shown in Figure 6-3. This single stage filter is equivalent to that
shown in Figure 6-2; however, these coefficients are obtained via a single
recursive procedure.

For the LWR method, the unbiased cross-correlation function at lag | between
channel i and j at the Nth data sample is calculated as

N 1 N * .
=57 Y xi(k)xj (k-) ij=12,..,]

k=l+1

| =0,1,2,..,P (6-1)

where P is the filter order and N is the total length of the time series with N>>P.
Since we are considering jointly stationary processes when using this approach,
we also have




£ () = 1t (1"

(6-2)

Egs (6-1) and (6-2) enable us to fill the entire correlation matrix of eq (2-3) with
updated estimates. The expression in eq (6-1) can be made computationally

efficient by re-expressing :i in terms of the recursive form

r] (I) S — %* — g -
j | X, (N)x (N-l) + N-l o X (k) x"} (k-1
x;(N) x*% (N-) N-- 1 d .
- [ — ll;lxi(k)xj (k-1
x ()X} (N [ N_. L] g ij=12,.,]
N4 1=0,1,..P.

Likewise, the biased* estimate of rjj (I) is expressed as

N

A 1
iy O == Y, xk0x ()
kel
* -
_ xi(N)xj (N-) . [ N4 l/_\Nl ij=1.2,..]J
N !
1=0,1,..,P.

(6-3a)

(6-3b)

(6-3¢)

(6-3d)

(6-3e)

Eqs (6-3c) and (6-3¢) enable the current estimate of rjj () to be made in terms of

. A . . . .
past estimates rijj (1) without a complete recalculation using all prior data.

* The biased estimate of T .(I) is most often used since it ensures positive semi-definiteness of the correlation
matrix[25,35].
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C. ERROR VARIANCE DETERMINATION

The unbiased estimate of the prediction error variance for the jth channel
under Hj for i = 0,1, at the Nth data sample could be calculated using the sample

variance; ie.
A2 1 X - 2
S (NIH) =——= 3" | v; &) - ¥, (NIE)| i=0,1 (6-4a)
k=1
where
1
¥; (NIH) = — Z v; (H) i=0,1. (6-4b)

A recursive form for O’Ajz (N|Hj) can be expressed as (sce Appendix C)

(N-2) A2 1
2 (NJH;) = N 1) (N-1jH;) *N |y ;(NIH; )I

- = [v,.(Nlu,ﬁ,-*(N-ufg) +1 (NH) 7, (N-1H))]

1 = 2

+ == |7, (N-1JH)I",

N (6-4)

A very informative discussion regarding the effect of error variance
estimates on the single channel likelihood ratio is presented in [14].
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VII  PROPOSED INVESTIGATION
A. STATIONARY GAUSSIAN PROCESS SYNTHESIS

In this part of the report, a future investigation is proposed. We will
assume the presence of stationary, Gaussian processes for both signal and noise.
The analysis will be further divided into two areas: (1) signal in additive white
noise and {2) signal in additive non-white (clutter) plus white noise. The
principal objective will be the determination of receiver operating characteristic
(ROC) plots in terms of probability of detection (Pd), probability of false-alarm
(Pra), the signal-to-noise (S/N) and signal-to-clutter (S/C) ratios associated with
multichannel processes. The analysis will also consider the number of channels
and the number of pulses as parameters. Performance comparisons will be made
between the single channel case and the multichannel case as well as to an analytic
evaluation described later in this section.

The synthesis of the random observation processes under Hj for i=0, 1 is
now addressed. These processes will be utilized in the performance of a Monte-
Carlo analyses for the determination of the ROC plots. Two methods will be
considered.

METHOD 1
In the first approach we can characterize the observation processes as
multichannel AR processes under each hypothesis. We then have
M;
H
x(nHy) = - Y, AM;(kiH;)x(n-k) + u(n|H;) i=0,1 (7-1)
k=1

H
where M; , AM;(kIHi) and u (n]H;) denote the model order, the matrix coefficients

and the white noise driving term under each hypothesis, respectively. In the
single channel radar problem, analyses have been conducted to model radar
clutter with AR processes of relatively low order [20,21]. It has also been noted
[8,19,22] that the sum of two AR processes yields an autoregressive moving
average (ARMA) process which in turn can be modelled as a higher-order AR
process. Therefore, assuming that the signal and clutter noise are eaci

37




characterized by an AR process, we would expect that M; > Mg. For single
channel processes, values of Mg =1or2and M; =4 or 5 have been r ported
[8] for radar applications. The extension of this work to the multichannc] case
remains an open area of research. Eq (7-1) could be utilized to generate the
processes under each hypothesis using predetermined values for the coefficients.
This approach would be useful in the diagnostics of the filtering scheme; i.e., one
could validate that the filter coefficients converge to the known preassigned
model coefficients as well as assess the convergence rate and final error variance.
This approach, however, does now allow control over the variations of the
signal-to-noise (3/N) and/or signal-to-clutter (S/C) ratios for parametric
performance evaluations.

METHOD 2

In the second approach, we consider the multichannel extension of the
method suggested in {23]. A complete description of this approach is presented in
(74]. This is shown in Figure 7-1 where we generate the Jx1 vectors g(n) and ¢(n)
as distinct multichannel AR processes.

um__, | SIGNAL | s
Hs (z)
H um CLUTTER | c(n) x(nlHj) = s(n) + ¢(n) + w(n)
oC He(2) {
Ho { x(nlty) = ¢(n) + w(n)
w(n)

Figure 7-1

The vectors ug(n), uc(n) and w(n) are zero-mean, Gaussian white noise
vectors uncorrelated in time but have an arbitrary correlation across channels as
described in sections II and II1. In this case,




0 120
E lu(n) ufn-))= {s[ ]

R,,(0) 1=0 (7-2)
0 1% 0
Bl {.
R,(@® 1=0 (7-3)
(0] 10

E [ (n) w'(n-)= { Ryw(©0) 1=0 (7-4)
wwW - -

where SRyuu(0) and SRyyu(0) are the J x J correlation matrices of the white noise
driving vectors us (n) and uc (n), respectively. The JxJ matrix R, (0) is the

corresponding matrix for the additive white noise vector w(n). In general, they
have off-diagonal components. The functions Hg (z) and Hc (z) are the filter

representations for the synthesis of the signal and clutter processes, respectively.
For the generation of signal AR processes we would use

Ms
s(n) = gf AH(K) s(n-k) +u (n) | (1-5)

where Mg is the order of the signal model and AgH{k) is the matrix coefficient of
the process.

We must now establish a procedure to determine the matrix coefficients
A?(k) which when used in eq (7-5) will yield realizable values for s(n). The

cross-correlation functions for the signal and non-white noise processes are to be
selected using the functional forms [74]:

(Pg;;) Og;i0g;ifg Agji ! - lgyy)
£g(gijr! - lgij) =0

g - e : -
Rj_jm xp{a[egij(l) egijw)l}

g =s¢ (7-6a)
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where g=s,c refers Lo signal and non-white noise, respectively; pgij is the cross
cerreiation coefficient; Ogi: and ngj are the standard deviations for the channel 1
and j processes; }‘gij is the temporal cross-correlation coefficient and is a measure
of the correlation between pulses (relative to 'gij) across the channels i and j for
i#j (74); for i=j, lgii is a temporal autocorrelation coefficient for the pulse-to-

pulse correlation on channel 1 [23]; egij(l) is the phase of the cross-correlation

function and allows for the modeling of processes with uneven spectral shape
including Doppler shifts. The functions f(kgij,l-lgi;) are selected to appropriately
J

shape the autocorrelation (i=j) and cross-correlation (i # j) functions. The
parameter Igij is the lag value for which the function f(-) has a peak value of

unity and accounts for the fact that the cross-correlation function does not peak at
I=0 as the autocorrelation function does. Eq(7-6a) could be modified using the
relation

For the autocorrelation function (i=j), we note that ngiil=l, lgii=0 and

0g..(0)=0 [see 74] so that eq(7-6) reduces to the expression
g _ 2 . _
Rii(D =04, fe(hg...exp(il8g.. (D]} g = s.C. (7-7)

In reference [74], the selection of the fg(-) functions as well as restrictions

on the correlation function values are discussed to ensure conditions such as the
positive semi-definiteness of the correlation matrix.

The following procedure is then used to generate the time sequenced values
[23):

(1) the desired shapes of the autocorrelation and cross-correlation values
are obtained using the functional forms above.

(2) the order of the AR process (for synthesis) is selected based upon
requirements to fit the desired spectrum.

(3) the values of R?j(l) and R?j(l) are used to form the matrix elements of

R§§ and Rg&.




(4) the multichannel Yule-Walker equations are solved to determine the
matrix coefficients A?(k) fork=1, 2, ...,Mg; 1e.,

Ag [Rggl = ([Zflg [0]...10]) g=s¢ (7-8)
where

Ag = 1 Af(1) A 2)...Ag (M) g=sc (7-9)

(Zflg = Elugug) g=sc (7-10)

ug = WT(1) 4T2)..uTN)) g=sc (7-11)

uT(m) = [uy(m) uy(m) ..uy(m)] m = 1,2,...N. (7-12)

(5) the values of AgH(k) are now substituted into eq (7-5) and used in the

generation of s(n).
The vector x(nlHj) i=0, 1 is thus obtained as described in Fig 7-1.

B. ANALYTIC PERFORMANCE ANALYSIS

With the matrices Rgg and Re¢ specified using elements determined from eq
(7-6), it may be possible to proceed with an analytic determination of the
probability of detection (Pd) and probability of false alarm (Pfa). For the single
channel case, analytic expressions for these quantities are discussed in [23]. In our
notation

o () [exp GED 1]
P=1-—= | Re { _’%’_ ’ d&}
0 det [1-2E (Rg+ R,)J*R*] (7-13)

and

o 1 e
et e (CE oDy
T . *
det [I-2j€ R} R]

(7-14)




where T is the threshold and the single channel correlation matrices are expressed

as
R=R.+R,,
R= [R}- (Rg+ R )]
Re=E[ss?]
Rc=E[gcH]
$'=(S(1) S(2)..S(N))

CT=(C(1) C(Q)..C(N)]

(7-15)

(7-16)

(7-17)

(7-18)

(7-19)

(7-20)

Equations (7-13) and (7-14) will be considered to determine if they can be
generalized to the multichannel case using the matrices Rss, Rgc and Rww.
Receiver operating characteristic curves can then be generated in terms of Py
versus P, for the parameters noted in eq(7-6).




C. MONTE CARLO ANALYSIS (STATIONARY PROCESSES)

The simulation procedure discussed in VII-A wili be used to synthesize
multichannel observation processes under hypotheses Hp and Hj. A sequence of
N data samples will be generated for the parameters specified in eq(7-6). The
threshold level T for a given trial will be established by generating x(nlHp) using
ns samples where ng satisfies the condition[17] ng > 10/Pfa. The simulation will
then be rerun to generate N observation processes x(nlH]) as inputs to the
likelihood rativ.  For stationary processes, the filter weights will be determined
as discussed in section VI B. The processes g(n) or ¥(n) will then be computed in
terms of the likelihood ratio [see eq (5-21) as well as Fig. 6-1]. The number of
threshold crossings shall be used to compute Pq.

Since the number of samples required to establish a given Pfa varies
inversely with Pg,, low Pfa levels will require long computer run times.
Theretore, the Monte Carlo approach may have to be limited to values such as Pga

~ 10-3 with the resulting analyses used to confirm the analytic solutions of section
VII - B.

D. POSSIBLE EXTENSIONS

The generalization to non-Gaussian processes can follow the approach
utilized in [4,6]. For the single channel case, Metford formed a process
consisting of a variance normalized partial summation of innovations processes.
In [6], he proved, (through a lengthy algebraic manipulation), that this process
satisfied a central limit theorem approaching a Gaussian distribution with a rate
of convergence of N-1/2 (where N is the number of pulses). It was shown that
the resulting likelihood ratio was identical in form to the single channel
innovations based detection algorithm (IBDA) established for Gaussian processes,
but with the additional requirement of processing over N pulses; i.e., the
likelihood ratio converged to the IBDA with a rate of convergence 1/VN for
large N. The exact size of N was not investigated specifically in [6], but in [4] it
is indicated that these processes are expected to be Gaussian even for "a small
number of samples.”

In the previous sections, stationary observation processes were assumed.
The condition of stationarity will be maintained for the major portion of the

43




performance evaluations. However, the extension to adaptive methods to update
the filter coefficients can be considered. These methods are important when
considering non-stationary processes with changing statistics. Consideration will
be given to methods such as the least-mean-square (LMS) algorithm, recursive-
least-squares (RLS) [70] and adaptive lattice filter methods.

The potential for detection performance improvement when utilizing 'a
priori’ information to predetermine the filter coefficients under hypothesis Hpo,
could be considered. In this case, reference data collected on the non-white noise
processes could be utilized to preset the filter weights. In the radar problem, a
procedure similar to the CFAR approach could be utilized in which this reference
data is collected from range cells adjacent to the test cell. Preliminary
consideration was given to this procedure in the single channel case [14, 16] with
considerable detection performance improvement noted.

Another area of investigation would involve model-fitting of vector
observation processes with multichannel time series for specific applications. For
the radar case, single channel clutter processes have been considered in terms of
autoregressive processes {20, 21]. The extension of these analyses to multichannel
processes holds potential for further research investigations which may provide
performance improvement. In addition, the multichannel model-based approach
appears to offer the potential to utilize data from distinct, yet correlated,
processes in the detection problem; ie. if a vector time series exists which models
the individual processes, the likelihood ratio presented here should be applicable.
The above extensions will be investigated as time permits.
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APPENDIX A

In this section, we determine the conditions under which g(n) as expressed
in eq (3-1) is a temporal white noise MMSE output of a linear prediction error
filter. We first follow an argument similar to the abbreviated discussion in [9].
The linear prediction error of x(n) as defined in eq (4-1) is expressed as

£(n) = X (n) - X (nn-1) ' (A-1)

where Q(nln—l) represents the estimated vector of x(n) using past data values with
the initial condition x(1|0) = Q. Using a linear predictor with P past values, we
define

P
Ain-1) =- 3 Ap(0)x(n-k) (A-2)
k=1

where Ag(k), k = 1,2,...,P are JxJ matrices representing the coefficients of the

linear predictor. Substituting eq (A-2) in (A-1)

P
gn) = x() + 3, Ap(K)x(n-k) (A-3a)
k=1
P H
= 3 Ap(k)x(n-k) (A-3b)

k=0

where AI;:I(O) = 1. Let the concatenated column vector of P+1 vectors (each of

dimension J) be defined as
T
Xn.n-P = XT(0) xT(n-1)...xT(n-P). (A-4)

Post multiplying eq (A-3) by Aﬁl,n-p and taking the expected value

H H H
E[g(n)Xn n-p] = E[AP é,n,n-P,X_n,n-P]

.. H H
= Ap E[én,n-PKn,n-P]
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H
=Ap [Ry;] (A-5)
whereAf»i and [ Rxx] are defined in eq (4-3b) and (4-3c). The LHS of eq (A-5)

. . ... T
can also be written using the Hermitian of xp 4.p so that

Eemx? J1=E {&£®@ &'mx"@)..x"0-P))

={E [e () x"(n)] E[g @) x" (n-1)] ... E [e (m)x" (n-P)]}.
(A-6)

i . H . .. .
We now determine the coefficients of Ap subject to the condition that g(n) is a

MMSE vector. Under this condition,
E [g (n) xH(n-k)] = [0] k>0. (A-T)

Eq (A-7) is the orthogonality condition which states that the error vector is
orthogonal to past observation values. Using this condition, eq (A-6) becomes

Eemz? o) =€ Emx M) (0] (0] .. (01}, (A-8)

=n,n-P

From eq (A-3a)
P

x() = gm) - 3 Ap (K)x(n-k) (A-9)
k=1
so that
P
xH(n) = gH(n) - ¥ xH(n-k)Ap(k). (A-10)
k=1

Using eq (A-10) in the RHS of eq (A-8)

P
E[ﬁ(n)éfll,n-P] ={ [E[ﬁ(n)ﬁﬁ(n)} > E[&(n)&H(n-k)]Ap(k)} [0]...[0] }
k=1
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={[Zflg (0] [0]...[0)} (A-11)

where we have again used eq (A-7) to yield eq (A-11) and [Z¢]; is the forward
prediction error covariance matrix. Combining eq (A-5) and (A-11), we have

ApRyy] = {[Zfle [0] (0)...0}. (A-12)

Eq (A-12) is the multichannel AR Yule Walker normal equation in
augmented form. It provides a set of JP linear equations to solve for the values of
the matrix coefficients which minimize the mean square error vector. Although
eq (A-12) has often been presented in the literature, the reversed order form of
the correlation matrix has not often been sighted [1]. We will utilize this feature
in Appendix B.

We now show that the vector process g(n) is uncorrelated in time. At an
arbitrary time (n-1) where 1>0, eq (A-10) becomes

P
xH(n-) = gH(n-) - ¥ xH(n-k-)Ap(k). I>0. (A-13)
k=1
Using eq (A-13) in eq (A-7)
P
Elg(n)xH(n-D] = E[g(n)gH(n-)])- 3, E[g(m)xH(n-k-1)]Ap(k) = [0]. (A-14)
k=1

From eq (A-7), we have

H
E [g (n) x " (n-k-)] = [0] k>0. (A-15)
And so, eq (A-14) yields
Ele(n)eP () =[0) I> 0. (A-16)

Thus, the sequence of outputs from the MMSE prediction error filter are
orthogonal. Since g(n) is a zero mean Gaussian process, its sequence of values
{e(n)} are mutually independent so that {g(n)} is a white, Gaussian noise
sequence.
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APPENDIX B

In this Appendix, we show that the matrix coefficients of multichannel
linear prediction for a multichannel random process and the prediction error
covariance matrices are related to the covariance matrix through a block
triangular decomposition. The procedure is a straight forward generalization of
(10]. Ia this discussion, we are considering the first stage of processing as noted
in sections IV through VI. This stage results in the g(n) vector output. Therefore,

we only consider the the A(k) matrix coefficients here. A treatment which
includes the second stage of processing using the matrix I’Y to obtain y(n) is

developed in [36].
Recognizing that RByx defined in eq (2-5) is Hermitian with non-singular
upper left principal minors, we can obtain

B _ H (B-1
Ry=L DL, )

where Lg is lower block triangular with the identity matrix I forming the block
diagonal matrices and Dg is a real block diagonal matrix. Solving eq (B-1) for
Dg

-1 B __H
Dg=LgRg (L1). (B-2)
If we consider
-1
ﬁ]'N= l_,a X LN (B’3)
we can easily show that

Dﬁ:E[ﬁl,Nﬁ?.N] (B-4)

where
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Eln=EMEQR .eM)]T (B-5)

and g(k) is a J x 1 channel vector. Since Lg is lower block triangular with unit
diagonal elements, Lg~! has the same form so that eq (B-3) is a causal and
causally invertible transformation of the data.

We now consider the normal equations for a multichannel predictor of
order p such that

ApTRyy] = (Z(P 1T (B-6)

where [ ﬁnlp is the reversed order multichannel covariance matrix,

AP = [1 A1) AR(2)...AB(P)] (B-7)

and

IT = {1{0] 0] ..[0}} . (B-8)
where I is a JxJ identity matrix. The vector of matrices Ap is the vector of
multichannel pth order linear prediction coefficients and [Zf]p is the Hermitian,

pth order, multichannel prediction error covariance matrix. Post multiplying eq
(B-6) by Ap, and recognizing that [Zf]p is Hermitian, we obtain

(1 AP() AP ). ApPNIRG T ]
Ap(1)
Ap(z) =[zf]P. (B-9)
_ Ap(P)
Using the relation
GG =1 (B-10)

where Gp is the block reflection matrix (i.e., the square J(p+1) x J(p+1) matrix
with JxJ identity matrices along the block cross diagonal), one can easily show
that
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(AP (P)...AP (2) AB(1) N[Rgg][ AP(P)]

Ap2) |~ Etlp.
Ap(1)

]

(B-11)

At this point, it is noted that eq (B-11) results because of the reversed

order of the correlation matrix [1].

We now write eq (B-11) forp =0, 1, ..., P = N-1 in the combined form as

I
A1) 1 [0]

]

A3(2) A1) 1

A3 A3 AS() T .

| Ap(P) Ap(P-1) Ap(P-2)... A5 (1) 1

r?R-(O) R(-1) R(-2) ... R(-P)‘ﬁ
R(1) R(0) R(1)... R(-P+1)
R(2) R(1)R(0) ..R(-P+2)

R(P) R(P-1) R(P-2)...R(0)

——

FA) Af2) Ag3) ...AP(;)’ (el o
I A1) A42)..Ap(P-1) [(Z¢],
‘ 1 A{1)..Ap(P-2) | © (2],
o 1. (0]
I (2
(B-12)
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Eq (B-12) is of the same form as eq (B-2). Since the causal decomposition
in eq (B-2) is unique', then Lf;l can be identified with the lower triangular
matrix in eq (B-12). Thus the block rows of Lg’l are the muitichannel
coefficients for linear predictive filters of orders zero through P = N-1 and the
block diagonal matrix elements of Dg are the prediction error variances

associated with the multichannel filter orders.

t The uniqueness of this decomposition is based upon the specified block form of RByx defined in
eq (2-5). However, other block forms of Rgx could have been made which still retain the
Hemmitian property.
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APPENDIX C

In this Appendix, a recursive expression for the sample variance estimate
of the complex quantity Yj(“lHi) is derived. The sample mean of the jth channel

sequence Yj(n|Hj) is given at the Nth time sample as

Mz

¥,(NH;) = Y{01H) i=0,1. (1)

i
N

-
U
b

By definition, the sample variance of the complex quantity yj(n|H;) is expressed as

N

87 (NH,) = = Y |v;(kiHy) ,(NIH; § i=0,1 (C-2a)
j i) =X Y Y ) =,

[
o

N
= LY (vt F;(NH)] [Y}(kIH) TiNH;)]  i=0,1
(C-2b)
1 N 2 * - *
=L D {hyjkIH) [ (kI T INH)F, (NI, ¥ (KH)

+|7, (N[} i<0,1.
(C-20)

Using eq (C-1) in (C-2¢)

P e eeg -




87 (H) - L ﬁ‘,h( wHf L L iv(kl )—-i Y] UIH)
- -ﬁ_' (|H )(N_l)k ’Yj(kIHi)

] .
+ 23 -N— (||H)i yj(mIH,) i=0,1 (C-3)

1 N | N N .
=(1~T1)§| Yi(kIH) |- NN ; ; ¥{(kIH) Y50 1Hy)

N N N N N
—I—‘ *
o 2, 2 Yi01H) YA(KIH) + 1—(N 5 kzl ;n;yj(lll-li)yj(mll-li)

i=0,1.
(C4)

Interchanging k and | in the second summation as well as k and m in the fourth
does not change the expression. And so,

2 "
6j<N|H,)=(m)i"|v,(| >| NN- l)iiw&)v(klﬂ)

N N
mi T 2 2 VOH) k) i=0,1.

I=1 k=1

But the last summation in eq (C-5) is just
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1 N N .
P IPIRAULIEACLS

I=1k=1

so that

Z

N
8N = o 2| [y H;) | - RN kz 2, T0H)Y; (KIH)
i=0,1. (C-6)

To obtain a recursive form for sz(NlHi) we separate out the terras involving
Y;(NIH;) so that

82 (NI = ) Y;(NIH))| +—3:|v,(| | - - 1)ur,mlﬂw,a\nm

Y; (NIH,)Z YIH)

N(N 1)
1 N:1 1 N-1 N-1
- ——— * . ) - k
N VD 2, i) Ry 2 2 1i0H) TiH)

i=0,1 (C-7a)
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_ 1 2 E
...('NTI)IYj(NlHi)I+ﬁ.—l-k=l|‘yj(lei)| N(N )|71(N|H)|

H) - L _ yINH, | H;
N(Nl) v,(NIH)NZfY*(kI ) - NoT )y,(l )EY(I )

N-1

NN ) YJKH) =01 (C-Tb)
=1 '

Z

e
]
et

so that

82)- L Pyl e L N1y n - Ly vy vovam
] 1—"1\7 YJ 1 N-1 “ I'Yj(' 1)| '—N—’Yj( | i) ’YJ( - i)

3 eI
- YONIH) 7, N-UH) o D & QYO TKHY 0,1,

(C-7¢c)
From eq (C-6)
N-1 E 2 1 N-1 N-1 .
8/ (N-1H) = o 2 & | - ShEs 2 2 70H) Yj(dH)
i=0,1.
(C-8)

Multiplying both sides by N-2/N-1,
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_bﬁ A2 . N = 1 E E 1 E
g & O1H) (m)k=l|vj(klﬂp| N 2 IH)(N iy 2 ¥} (KIH)

i=0,1
(C-9)
so that
1 i 2_(N2) a2 .
N & |v;(kiH) | D (N- IIH,)+’7(N-1|H)’7(N 1H)  i=C,1
(C-10a)
(N 2) A2 2
6 (N-1|H) H¥N-UHY| T o1,
D ! l (C-10b)

Using eq (C-10b) in eq (C-7c)

(N-2) A2 2
Yy OGN 47 N-1H |

2 1 2
6 (NIH)=—— |v;(NIHp)]

Y;{(NIH) TAN-1H)  7;(NH;) 7,(N-1}H;)
N N

(N-1) Nl
" (N) (N 1) Eyj(l IH; )] [(N 1) Zl‘Yj(RIHi)] i=0,1

(C-11)




sy ¢

1 2
5 N2 + %I_\I_I%G_l (N-11H;) + Fjj(N-1H)12

* % N-l
- #[yj(NlHi) ¥j (N-1H;) +v; (NIH;) F(N-11H;) |- Q_N_) l‘7j(N-llHi)I2

Y1) that
(NIH )= %%sz(N 1H;) + 35 I'YJ(NIHI)I2

* *
. # [Yj(NIH;) ; (N-11H;) + ¥; (NIH;) %(N-11H;))

+ N N1 ||Hi)|2 (C-12a)
= N TR ON-1H) + L NIHy - -1 (C-125)

with initial conditions

657‘(1|Hi) =0 i=0,l. (C-13)
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